I. INTRODUCTION
Higher dimensional gravity theories have been discussed in connection with possible alternatives to Kaluza-Klein compactification [1] [2] [3] [4] [5] [6] . In this context the gravity part of the action usually consists of the Einstein-Hilbert term possibly supplemented by a bulk cosmological constant.
If extra-dimensions are not compact, it is interesting to relax the assumption that gravity is described purely in terms of the Einstein-Hilbert action. Indeed, various investigations took into account the possible contribution of higher derivatives terms in the bulk action and mainly in the case of one bulk coordinate [7] [8] [9] [10] [11] . The motivations of these studies range from the possible connection to string motivated scenarios [7] to the possibility of obtaining warped compactifications in quadratic gravity theories [12, 13] defined in more than four dimensions. Quadratic corrections may also play a rôle in the context of AdS/CFT correspondence [14] .
Recently, it has been shown that gravity can be localized on a Nielsen-Olesen vortex in the context of the Abelian-Higgs model [15] in a six dimensional space-time. This explicit model leads to warped compactification and it represents an explicit field theoretical realization of the suggestion that a string in six dimensions can lead to the localization of gravity [16] provided certain relations among the string tensions are satisfied. In the investigations dealing with higher dimensional topological defects (like strings [17] [18] [19] [20] [21] , monopoles [22] [23] [24] , or instantons [25] [26] [27] ) the space time metric is defined in more than five dimensions, but, still, the gravity part of the action is assumed to be the Einstein-Hilbert term possibly supplemented by a bulk cosmological constant 1 .
We would like to understand if it is possible to obtain warped solutions in the context of 1 Notice that the present investigation deals with the case when the internal dimensions are not compact. The interesting case of compact (but large) extra-dimensions [28] [29] [30] will then be outside the scope of this analysis.
the gravitating Abelian-Higgs model in six dimensions when quadratic curvature corrections are present. The brane action will be the one provided by the Abelian-Higgs model [31] generalized to the case of six (gravitating) dimensions. The quadratic corrections to the Einstein-Hilbert action will be taken in the Euler-Gauss-Bonnet (EGB) form. This choice has the interesting property of preserving the relations among the string tensions derived in the case when the gravity action is in the Einstein-Hilbert form.
Previous studies suggest that if the Einstein Hilbert action is supplemented by quadratic curvature corrections, geometries leading to warped compactification in more than five dimensions can be obtained. More specifically, in [32] seven-dimensional warped solutions have been discussed in the case when hedgehogs configurations are present together with quadratic self-interactions parametrized in the Euler-Gauss-Bonnet form. In [33] the simultaneous presence of dilaton field and quadratic corrections has been investigated in a string theoretical perspective and mainly in six-dimensions.
The plan of this paper is the following. In Section II the main equations of the system are derived. Section III is devoted to the analysis of the asymptotics of the solutions in the presence of EGB corrections. Section IV contains the study of the relations among the string tensions, whereas Section V deals with the analysis of the various classes of solutions which can be found in the presence of quadratic corrections. In Section VI the analysis of the parameter space of the model is presented. Section VII contains our concluding remarks.
II. BRANE SOURCES WITH QUADRATIC GRAVITY IN THE BULK
In more than four dimensions the Einstein-Hilbert term is not the only geometrical action leading to equations of motion involving second order derivatives of the metric [12] . The usual Einstein-Hilbert invariant can indeed be supplemented with higher order curvature corrections without generating, in the equations of motion, terms containing more than two derivatives of the metric with respect to the space-time coordinates [13] . If this is the case, the quadratic part of the action can be written in terms of the Euler-Gauss-Bonnet combination:
In four dimensions the EGB is a topological term and it coincides with the Euler invariant: its contribution to the equations of motion can be rearranged in a perfect four-divergence which does not contribute to the classical equations of motion. In more than four dimensions the EGB combination leads to a ghost-free theory and it appears in different higher dimensional contexts. In string theory the (tree-level) low energy effective action is supplemented not only by an expansion in the powers of the dilaton coupling but also by an expansion in powers of the string tension α ′ . The EGB indeed appears in the first α ′ correction [35] [36] [37] [38] .
In supergravity the EGB is required in order to supersymmetrize the Lorentz-Chern-Simons term.
The brane source will be described in terms of the Abelian-Higgs model [31] appropriately generalized to the six-dimensional case [15] :
where D A = ∇ A −ieA A is the gauge covariant derivative, while ∇ A is the generally covariant
The bulk action will then be taken in the form
This gravitational effective action can be related to the low energy string effective action (corrected to first order in the string tension) provided the dilaton and antisymmetric tensor field are frozen to a constant value [36] . Since χ = 8πG 6 = 8π/M 4 6 , we have that,
2 The conventions of the present paper are the following : the signature of the metric is mostly minus, Latin (uppercase) indices run over the (4 + 2)-dimensional space. Greek indices run over the four-dimensional space-time.
With these conventions, the equations of motion of the system can be obtained and they are:
where
and where
is the Lanczos tensor appearing as a result of the EGB contribution in the action.
Defining as n the winding number, the Nielsen-Olesen ansatz [31] can be generalized to six-dimensional space-time
where ρ and θ are, respectively, the bulk radius and the bulk angle covering the transverse space of the metric
In Eq. (2.10), we will choose, for simplicity g µν ≡ η µν where η µν is the Minkowski metric.
The equations of motion for the gauge-Higgs system can then be written. Using Eqs.
(2.9)-(2.10) into Eqs. (2.4)-(2.6) the following system of equations is obtained: 
Finally, the functions G appearing in Eqs. (2.13)-(2.15) are the non-vanishing components of the Lanczos tensor Q AB :
19)
20)
Eqs. (2.11)-(2.15) are written in terms of the rescaled parameters: 22) where m H = √ 2λv is the Higgs mass and m V = e v is the vector boson mass. In Eq.
(2.11)-(2.15) the prime denotes the derivative with respect to x = m H ρ/ √ 2 (the rescaled bulk radius) and
been defined. This parameter controls the higher derivative corrections.
III. ASYMPTOTICS OF THE SOLUTIONS
In order to discuss regular solutions describing a thick brane in six dimensions and in the presence of EGB self-interactions it is important to understand the asymptotic behaviour of the geometry and of the matter fields of the model. Quadratic curvature corrections affect the asymptotics of the geometry and the asymptotics of the scalar and gauge fields.
A. Bulk solutions
Far from the core of the defect, the equations determining the bulk solutions are given by
From Eq. . In this case m should satisfy the following quartic equation
whose solution can be written as
Defining now
warped solutions will correspond either to m 1 ∼ − √ γ 1 or to m 2 ∼ − √ γ 2 . As a consequence, the behaviour of the metric functions will be either
Since γ 1 and γ 2 must both be positive for warped solutions, not all the signs of ǫ and µ are compatible with the behaviour of Eqs. ǫ > 0 ǫ < 0
Let us now investigate what happens if m(x) = ℓ(x). Subtracting Eq. (2.15) from Eq. (2.14)
we obtain 
B. Asymptotics of vortex solutions with quadratic gravity
The system defined by equations (2.11)-(2.15) describes the interactions of the bulk degrees of freedom with the brane degrees of freedom. The problem will be completely 3 Notice that a similar kind of argument will be used in Section IV in order to show that the solutions with positive cosmological constant lead to singular space-times.
specified only when specific boundary conditions for the fields will be required. In order to describe a string-like defect in six dimensions it has to be demanded that the scalar field reaches, for large bulk radius, its vacuum expectation value, namely |φ(ρ)| → v for ρ → ∞.
In the same limit, the magnetic field should go to zero. Moreover, close to the core of the string both fields should be regular. These requirements can be translated in terms of our rescaled variables using the generalized Nielsen-Olesen vortex of Eq. (2.9):
In the following part of the analysis we will be concerned with the case of lowest winding,
i.e. n = 1. Solutions for higher windings can be however discussed using the same results of the present analysis and they may be relevant for the problem of fermion localization [39] .
In order to generalize vortex-type solutions to the case of curvature self-interactions we have to demand that the boundary conditions expressed by Eqs. (3.9) are satisfied by Eqs. 
13)
The small argument limit of the solution explicitly depends upon ǫ.
IV. GENERALIZED RELATIONS AMONG THE STRING TENSIONS
In Eq. (3.13) on top of the physical parameters of the model (i.e. µ, ν, α and ǫ ) the constants A and B appear. These constants are arbitrary and should be fixed in order to match the correct boundary conditions at infinity. In the case where the curvature corrections are absent one of the two constants, i.e. B, can be fixed by looking at the relations obeyed by the string tensions. The other constant, i.e. A cannot be fixed from the relations among the string tensions and it represents a free parameter of the numerical integration. According to the results of [15] the possibility of fixing B through the relations among the string tensions is necessary. This means that in order to hope that warped solutions leading to gravity localization are present in the presence of EGB corrections, we should be able to generalize the relations among the various string tensions which are defined
The relations connecting different µ i are integral relations and connect, therefore, the behaviour of the solution close to the core with the behaviour of the solutions at infinity.
Formally we can also define the integrated components of the Lanczos tensor, namely
Combining Eqs. (2.11)-(2.15) the following relations can be obtained:
3)
Integrating Eqs. (4.3)-(4.4) from zero to x c → ∞, we get 
must hold. If we now notice that 8) we have that
Notice now that Eqs. (2.11) and (2.12) can be used in order to express µ 0 − µ θ in terms of the physical fields appearing in the energy-momentum tensor. More specifically, using Eq.
(2.12) in the form
we also have that
For the solutions we are interested in, the boundary term at infinity vanishes. Therefore we
Inserting Eqs. (4.9) and (4.11) into Eq. (4.7) and using Eq. (4.12) we get This aspect can be better appreciated using the following observation. Consider the difference between the (0, 0) and (θ, θ) components of the corrected Einstein equations, i.e.
(2.13) and (2.14):
Multiplying both sides of this equation by M 4 L and integrating from 0 to x we get
If the tuning among the string tensions is enforced, the boundary term in the core disappears and the resulting equation will be
This equation shows, again, that if P ′ → 0 (far from the core), we must have, asymptotically, that m(x) ≃ ℓ(x).
V. VORTEX SOLUTIONS WITH GAUSS-BONNET SELF-INTERACTIONS
In order to study first analytically and then numerically the full system of Eqs. this Section these two cases will be specifically analyzed.
A. Solutions with Λ < 0
If the cosmological constant is negative warped solutions can be found. Here we are going to compare solutions with and without quadratic corrections obeying fine tuned relations among the string tensions. In the previous Section we argued that a necessary condition in order to have warped geometries leading to gravity localization is represented by Eq. (4.14).
Now the exercise will be the following. Take amount of tuning can be appreciated by comparing the values of α, µ and ν given in Fig. 1 with the ones given in Fig. 3 .
The value of ǫ = 1 (corresponding to the integrations reported in Figs. 3 and 4 ) is only illustrative and similar solutions can be found for other values of ǫ. Notice, however, that since µ < 0 and ǫ > 0 it should always happen that
since only in this case the bulk solutions discussed in Eqs. (3.6)-(3.7) are not imaginary.
Consider now the case when a given solution is divergent in the absence of curvature corrections. It will now be shown that if EGB self-interactions are included the singular solutions are regularized provided the value of ǫ is appropriately selected.
In the case ǫ = 0 the parameter space of the solution is represented by a surface in the (α, ν, µ) plane. When the parameters lie on this surface, warped solutions leading to gravity localization can be found. An example of such a surface is given in Fig. 5 . Let us now focus the attention on a point which lies outside of the fine-tuning surface. In this case the geometry gets singular. More specifically, two independent solutions can be found. These solutions have divergent curvature invariants for a finite value of x which we call x 0 . For x < x 0 the solution has two branches and can be parametrized as This aspect will be further analyzed in Section V. From the analysis of Eqs. (3.6) and (3.7), it is clear that regular solutions where µ > 0 and ǫ < 0 cannot be obtained. Hence, let us discuss the case where µ > 0 and ǫ > 0.
We are primarily interested in solutions of the equations of motion describing a vortex in a six-dimensional regular geometry with warp factors exponentially decreasing at infinity.
A general argument will now show that these solutions are not possible if the cosmological constant is positive and ǫ > 0.
If the solutions shall describe exponentially decreasing warp factors for large x, then m(x) should decrease reaching, asymptotically, a constant negative value. This value is determined by the bulk solutions and it is given, in the case µ > 0 and ǫ > 0 by 
Hence, at the point x s where m = m s we will have that 8) and (m(x s ) − ℓ(x s )) is finite. So, in x s either P ′ (x s ) = 0 or P (x s ) = 0. Let us examine, separately, the two cases. Consider, first the case P ′ (x s ) = 0 and assume that m(x) and ℓ(x) are non singular around x s . In this case m(x) and ℓ(x) can be expanded in a Taylor series around x s . Looking at the difference between Eq. (2.15) and Eq. (2.13) 9) we have that, for
which also implies that f we see that
Since µ and ǫ are both positive, Ω > 0. But this leads us to a contradiction since we should have: This proves that m(x) cannot be regular around x s since the equations of motion lead to a contradiction.
Consider now the case P s = 0. In this case P ′ s can be either positive or negative. If P ′ s < 0, this means that P (x) is zero in x s and that it decreases getting more and more negative. However, from Eq. (3.9), P (x) should go to zero at infinity. Hence, P ′ (x) should change sign for x > x s . By continuity there should be a point x 1 where P ′ (x 1 ) = 0 and P (x 1 ) < 0. From Eq. (2.12) we see that this would imply P ′′ (x 1 ) < 0 which is not consistent with a minimum in x 1 . But then, if P s = 0 and P 
VI. THE PARAMETER SPACE OF THE SOLUTIONS
In the previous Section we discussed examples where singular solutions are regularized in the presence of the EGB term. In this Section the parameter space of the solution will be discussed. It will be shown how the presence of quadratic corrections allows to enlarge the parameter space.
In order to do this let us fix one of the three parameters (α, µ, ν) and let us see what happens to the parameter space when ǫ = 0. Suppose, for instance, that α is fixed. Consider, for consistency with the examples of Secion IV, the case when α = 2. This case corresponds to the Bogomol'nyi limit [40] . In the case ǫ = 0 the fine-tuning curve is illustrated in Fig.   5 . In Fig. 10 the parameter space is studied in the case ǫ = 0 for α = 2. The "parabola" appearing in Fig. 10 represents the parameter space of the solution for α = 2 and ǫ = 0. On the almost vertical lines, ǫ changes. The lines appearing in Fig. 10 are, indeed, not truly vertical. This aspect is illustrated in Fig. 11 where the projection of one of the lines of Fig.   10 is reported for constant µ. The points slected outside the "parabola" would lead, in the absence of quadratic corrections, to singular solutions, as discussed in Section IV. However, if quadratic corrections are present, the parameters of the solution can be adapted to the non-vanishing value of ǫ. In this way, new regular solutions can be found if ǫ stays on the curves intercepting the "parabola" lying, in its turn, on the (µ, ν) plane.
From a practical point of view the various curves intercepting the "parabola" have been obtained in the following way. Starting from the point on the "parabola", µ was held constant, ǫ was varied by small steps and ν was tuned so that the relation B = −nu/2alpha stays satisfied.
The possibility of finding these regular solutions means that the parameter space is wider in the case when ǫ = 0 than in the case when ǫ = 0. The same kind of analysis can be numerically performed starting from any point lying on the "parabola" and the five curves reported are only illustrative. As previously stressed, the curves intercepting the "parabola" cannot be extended to arbitrary large values of ǫ > 0. In fact, since µ < 0 and ǫ > 0, from Eqs. (3.6)-(3.7) we must have that ǫ < 5/(12|µ|) in order to avoid imaginary warp factors.
In Fig. 11 also positive values of µ have been included. As discussed in the previous Section, expoenentially decreasing solutions for the warp factors are not possible if µ. More-over, also in the case ǫ = 0 exponentially decreasing warp factors are not allowed. The part of the curve corresponding to µ > leads, for ǫ = 0 to exponentially increasing warp factors, as discussed in [15] . The border point between the regions µ < 0 and µ > 0 of the parameter space is represented by the Bogomol'nyi point where µ = 0, ν = 2 and α = 2 [15] .
In the case when quadratic curvature corrections are absent the parameter space of the model is three-dimensional and it can be described with a three dimensional plot as in Fig.   (5) . If quadratic curvature corrections are present the parameter space is four-dimensional and it has to be studied, necessarily, one of the four parameters. In the present discussion α has been fixed. However, the same study can be repeated by fixing either µ or ν and by discussing, respectively, the picture of the parameter space in the (α, ν, ǫ) or (α, µ, ǫ) planes. The singularity-free solutions discussed in the present paper represent an ideal framework in order to check for the localization of the various modes of the geometry as discussed in [41, 42] . The presence of an (Abelian) gauge field background makes these solutions also rather interesting from the point of view of fermion localization [39] . These problems are left for future studies.
